Pi SpringerPlus (2016) 5:1753 The concept of total restrained domination in graphs was introduced in Haynes et al. (1998) , albeit indirectly, as a vertex partitioning problem and has been studied, in Telle and Proskurowski (1997) , Cyman and Raczek (2006) , Dankelmann et al. (2006) , Hattingh et al. (2007) , Henning and Maritz (2008) , Ma et al. (2005) , Raczek (2007) , Raczek and Cyman (2008) , Zelinka (2005) and Jiang and Kang (2010) . Jiang and Kang (2010) characterized the connected claw-free graph G of order n with γ tr (G) = n.
This paper characterizes the connected claw-free graph G of order n with γ tr (G) = n − 2.
Main results
Lemma 1 (Jiang and Kang 2010 ) Let G be a connected claw-free graph with order n ≥ 2. Then γ tr (G) = n if and only if G ∈ Ŵ, where Ŵ = ∪ 3 i=0 Ŵ i , Ŵ 0 = {G|G is the corona K m • K 1 of K m , m ≥ 1}, Ŵ 1 is a collection of all graphs obtained from G ′ ∈ Ŵ 0 by subdividing exactly one pendant edge, Ŵ 2 is a collection of all graphs obtained from G ′ ∈ Ŵ 0 by adding a new vertex and joining it to all the support vertices of G ′ , and Ŵ 3 is a collection of all graphs obtained from G 1 , G 2 ∈ Ŵ 0 (|V (G 1 )|, |V (G 2 )| ≥ 3) by adding a new vertex u and joining it to all the support vertices of graphs G 1 and G 2 .
For completing our characterization, we define a family Ŵ 2 of claw-free graphs as follows.
0 is a collection of all graphs obtained from G 1 , G 2 ∈ Ŵ 0 by joining G 1 , G 2 with an edge uv, where u ∈ L(G 1 ), v ∈ L(G 2 ) and |V (G 1 )|, |V (G 2 )| ≥ 4. Ŵ 2 1 is a collection of all graphs obtained from G 1 , G 2 ∈ Ŵ 0 by joining G 1 , G 2 with a path P 3 = (u, v, x) , where u ∈ L(G 1 ), x ∈ L(G 2 ), |V (G 1 )|, |V (G 2 )| ≥ 4. Ŵ 2 2 is a collection of all graphs obtained from G 1 ∈ Ŵ 0 − {K 2 } and K 3 by adding a new edge uv, where u ∈ L(G 1 ) and v ∈ V (K 3 ). Ŵ 2 3 is a collection of all graphs obtained from G 1 , G 2 ∈ Ŵ 2 by joining G 1 , G 2 with an edge uv, where
4 is a collection of all graphs obtained from G 1 , G 2 ∈ Ŵ 0 by uniting two vertices u and v, where
5 is a collection of all graphs obtained from
6 is a collection of a 5-cycle, a 6-cycle, a 7-cycle and all graphs obtained from G ′ ∈ Ŵ 0 by adding an edge uv, where u, v ∈ L(G ′ ) and
7 is a collection of all graphs obtained from G ′ ∈ Ŵ − (Ŵ 0 ∪ {P 3 }) by adding a new vertex and joining it to every vertex of
8 is a collection of all graphs obtained from G 1 ∈ Ŵ 2 ∪ Ŵ 3 , G 2 ∈ Ŵ 0 by deleting a vertex u of L(G 1 ) and joining u ′ to every vertex of S(G 2 ), where u ′ ∈ N G 1 (u) and |V (G 1 )| ≥ 5. Ŵ 2 9 is a collection of all graphs obtained from G ′ ∈ Ŵ 1 by adding a new vertex and joining it to every vertex of N [u] , where u is a 2-degree vertex in S(G ′ ). Ŵ 2 10 is a collection of all graphs obtained from G 1 , G 2 ∈ Ŵ 0 by adding a new vertex and joining it to each endpoint of a pendant edge of G 1 and every vertex of S(G 2 ) or from G 1 ∈ Ŵ 0 , K 2 by adding a new vertex and joining it to each endpoint of a pendant edge of G 1 and one vertex of K 2 . Ŵ 2 11 is a collection of all graphs obtained from G ′ ∈ Ŵ 0 by adding a new vertex and joining it to every vertex of S(G ′ ) and a vertex of L(G ′ ), where
12 is a collection of all graphs obtained from G ′ ∈ Ŵ 1 by adding a new vertex and joining it to each endpoint of a pendant edge of G ′ .
Proof Clearly when G ∈ Ŵ 2 , γ tr (G) = n − 2. Let G be a connected claw-free graph of order n with γ tr (G) = n − 2 and S be a γ tr -set of G.
has at most three components.
Proof It is obvious.
. By the connectivity of C, there is a shortest path
and we get the contradiction that S − {u} is a TRDS of G.
By the claw-freeness of G, at most two components of G[S] contain vertices of
. By the connectivity of C ′ and the claw-freeness of G, we have
which is a contradiction. Hence v 1 u ′ � ∈ E(G). It follows that v 1 u � ∈ E(G). Otherwise since v 1 has a neighbor other than u,
By the claw-freeness, Claim 3 and
When C = P 3 , it is easy to check that G ∈ Ŵ 2 11 . Let
Claim 5 Let C, C ′ be two components of G [S] .
by Claims 1 and 3, S − {v} is a TRDS of G, which is a contradiction. Hence for every
By the claw-freeness of G, when
) is a TRDS of G, which is a contradiction; if C = K 3 , then {v ′ , v 1 , v 2 } is a TRDS of G, which also is a contradiction.
Let G [S] has exactly two components. When
has the third component C ′′ . Then by the claw-freeness of G, v 1 and v 2 have a common neighbor in C ′′ and
Proof By the same discussing as the proof of
which also is a contradiction. So γ tr (C − {v ′ }) = |V (C)| − 1 and C − {v ′ } ∈ Ŵ. Clearly C − {v ′ } � = K 3 . When C − {v ′ } = P 3 , it is easy to check that G ′ ∈ Ŵ 2 8 ∪ Ŵ 2 12 . Let C − {v ′ } � = P 3 . Let v ′ be adjacent to a vertex u in S(C − {v ′ }). Then by the claw-freeness of G, either v ′ is adjacent to every vertex of
For the former, G ′ ∈ Ŵ 2 8 ∪ Ŵ 2 10 ∪ Ŵ 2 12 . For the latter, C − {v ′ } ∈ Ŵ 0 and G ′ ∈ Ŵ 2 10 . Let v ′ only be adjacent to a vertex in
, by the claw-freeness of G, C − {v ′ } ∈ Ŵ 2 and G ′ ∈ Ŵ 2 12 .
Let
by the claw-freeness of G, vv ′′ ∈ E(G) and S − {v ′ } is a TRDS of G; when v ′ v ′′ � ∈ E(G), since C is connected, there is a path v ′ v · · · v ′′ and S − {v ′ } also is a TRDS of G. 
Conclusions
The study focuses on the total restrained domination in claw-free graphs. Firstly, in the course of analysis, I construct 12 kinds of connected claw-free graphs with order n and the total restrained domination number n − 2. Let Ŵ 2 denote the set of these clawfree graphs. Secondly, by discussing all possible cases of the induced subgraph of the minimum total restrained dominating set, I show that if the total restrained domination number of a connected claw-free graph with order n is n − 2, then the graph must belong to Ŵ 2 . In a word, as for a connected claw-free graph with order n, the conclusion gives a method to judge whether the total restrained domination number of it is n − 2. Further research can focus on the construction of connected claw-free graphs with order n and total restrained domination number n − 3 and characterize these graphs, although it may be very difficult and complicated.
